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Abstract: This paper investigates the average symbol error rate (ASER) performance of a dual-
hop hybrid relaying system relying on both radio frequency (RF) and free space optical (FSO) links.
Specifically, the RF link is used for supporting mobile communication, while the FSO link is adopted
as the backhaul of the cellular infrastructure. Considering non-line-of-sight (NLoS) RF transmissions
and a generalized atmospheric turbulence (AT) channel, the associated statistical features constituted
of both the exact and the asymptotic moment generating functions (MGF) are derived in closed form.
They are then used for calculating the ASER of M-ary phase shift keying (PSK), differentially encoded
non-coherent PSK (DPSK) and non-coherent frequency-shift keying (FSK). A range of additional
asymptotic expressions are also derived for all the modulation schemes under high signal-to-noise
ratios (SNR). It is observed from the asymptotic analysis that the ASERs of all the modulation schemes
are dominated by the average SNR of the RF link in the hybrid relaying system using a fixed relay
gain, while in the relaying system using a dynamic channel dependent relay gain, the ASERs of all
the modulation schemes depend both on the average SNR and on the AT condition of the FSO path.
We also find that the fixed-gain relaying strategy achieves twice the diversity order of the channel-
dependent relaying strategy albeit at the cost of requiring a high power amplifier (PA) dynamic range at
the relay node. Furthermore, by comparing the asymptotic ASERs, we calculate the SNR differences
between the different modulation schemes in both the fixed-gain and the channel-dependent relaying
system. Finally, simulation results are presented for confirming the accuracy of our expressions and
observations.
Index Terms: Relay, atmospheric turbulence, free space optical communications, symbol error rate,
hybrid RF/FSO.
1. Introduction
Free space optical (FSO) communication has attracted increasing research interests as a benefit of
its high data rate, enhanced security achieved in the unlicensed optical electro-magnetic spectrum
and its moderate deployment cost [1]–[3]. It is suitable for a wide range of applications, such as
enterprise/building connectivity, the back-haul of cellular systems, redundant backup links and
disaster recovery [2]. Despite the above-mentioned advantages, FSO systems remain vulnera-
ble to atmospheric turbulence (AT) due to the random refractive index variation caused by the
inhomogeneities in the temperature and pressure of the atmosphere [4].
A number of studies have characterized the effects of AT on the attainable FSO system per-
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formance, which adopted sophisticated techniques for mitigating the performance degradation
imposed by AT [5]–[8]. In [5], the average capacity of FSO systems was investigated under both
weak and strong turbulence conditions, while in [6], both the bit error rate (BER) performance as
well as the channel capacity were analyzed for optical code-division multiple-access (OCDMA)
systems. Spatial diversity reception was investigated in [7] with the aid of both maximum-likelihood
detection and maximum-likelihood sequence detection for overcoming the turbulence-induced
fading. In [8], the BER performance was characterized as a function of the diversity gain in a
multiple-input multiple-output (MIMO) FSO system. Relaying techniques have been widely used for
exploiting the resultant diversity gain and for mitigating channel fading in traditional radio frequency
(RF) systems [9], [10]. By contrast, in FSO systems, relaying has also been involved for mitigating
the AT-induced fading [11], [12]. Specifically, both the outage probability (OP) and the average
BER of a dual-hop fixed-gain wireless relaying system were investigated in [9]. The authors of
[10] analyzed the asymptotic achievable rate of relay selection strategies in amplify-and-forward
(AF) MIMO two-hop networks relying on feedback. The achievable performance of a relay-aided
FSO system was first studied in [11] under weak turbulence conditions, while in [12], both the OP
and the average symbol error rate (ASER) were investigated for a multi-hop FSO system relying
on differential phase-shift keying (DPSK) under strong AT.
Recently, FSO links have been shown to achieve a promising performance in backhaul trans-
mission between each infrastructure element in cellular networks, because the cost of deploying
optical fiber is sometimes prohibitively high, especially in ultra-dense networks or in historic
medieval cities [12], [13]. Therefore, a hybrid relay-aided system based on RF combined with FSO
can be established for exploiting the complementary advantages of both RF and FSO systems
[14]–[17]. A dual-hop hybrid Rayleigh RF and FSO relaying system was first considered in [14],
where the attainable outage performance was quantified. Recently, this was further extended in
[15] to a generalized Nakagami-m channel for the RF link, where both the outage and the ASER
of binary modulation schemes were analyzed. Then a similar extension to the κ − µ or η − µ
distributed RF channel was provided in [16]. In [17], analytical expressions of both the end-to-end
outage and the ASER of binary phase-shift keying (BPSK) were derived for a multiuser hybrid
RF/FSO relaying system. However, all these papers considered only simple binary modulation
schemes, and assume the Gamma-Gamma (G-G) distributed FSO channel, which is suitable for
modeling moderate to strong AT conditions.
In a subcarrier intensity modulation (SIM) based FSO application, M-ary phase-shift keying
(MPSK), DPSK and non-coherent frequency-shift keying (NCFSK) have been advocated as their
benefits like high efficiency, non-sensitive to phase ambiguous and/or lower implementation com-
plexity [18], [19]. Against this background, our contributions are as follows: we study the ASER
performance of various modulation schemes in a dual-hop hybrid RF/FSO relaying system relying
on both fixed-gain and on channel-dependent schemes. In particular, we consider a generalized
AT model, namely the M-distribution, which has recently been presented in [20], [21] as a benefit of
its excellent matching to experimental data, and because it is capable of characterizing most of the
existing AT models, including the G-G and the K distribution. Under this scenario, we derive both
the exact and approximate moment generating functions (MGF) of the end-to-end instantaneous
signal-to-noise ratios (SNR) of both fixed-gain and channel-dependent hybrid relaying system.
These MGFs are then used for deriving both the exact expression and high accuracy ASER
approximations for MPSK. By using the end-to-end cumulative distribution function (CDF), we also
deduce a closed-form ASER expression for DPSK/NCFSK. Moreover, the asymptotic ASERs of
both MPSK and DPSK/NCFSK are studied with the aid of insightful observations at high SNRs for
both relaying systems. We observe that the ASERs of all the modulation schemes are dominated
by the average SNR of the RF link in the fixed-gain relaying system, whereas the ASERs of all the
modulation schemes are related to the average SNR and the AT conditions of the FSO hop in the
channel-dependent relaying system. Furthermore, we evaluate the SNR differences of different
modulation schemes from the asymptotic expressions, which is helpful for system analysis and
design.
Vol. , No. , Page 2
IEEE Photonics Journal Performance of a Free Space Optical
TABLE I
NOTATIONS
γ instantaneous ene-to-end SNR
γ1 instantaneous SNR of the RF link
γ2 instantaneous SNR of the FSO link
Γ1 average SNR of the RF link
Γ2 average SNR of the FSO link
G fixed relaying gain
I irradiance intensity
UL LoS component in the M-distribution
UCS scattering component coupled to the LoS component in the M-distribution
UGS scattering component independent of the LoS component in the M-distribution
Ω average optical power of the LoS component
2b0 average optical power of the scatter component
Ω′ average optical power of the LoS component and the scattering one coupled with it
ΦA phase of the LoS component
ΦB phase of the scattering component coupled with the LoS component
A parameter of the M-distribution
α effective number of large scale cells
β natural number, represents the fading parameter
ξ average power of classic scattering component
ρ ratio of the scattering power coupled with the LoS component
η electrical-to-optical conversion efficiency
σ2i variance of the additive white Gaussian noise, i = 1 for RF link, i = 2 for FSO link
E[.] expectation operator
f(.) probability density function
F (.) cumulative distribution function
M(.) moment generating function
Kv(.) modified Bessel function of the second kind with order v
G(.) Meijer’s-G function
The rest of the paper is organized as follows. Section II describes the system model of the
hybrid RF/FSO relaying system. A range of statistical characteristics and both exact as well as
asymptotic ASERs of the different modulation schemes are analyzed for the fixed-gain hybrid
relaying system in Section III. In Section IV, the ASERs of different modulation schemes are
studied for the channel-dependent hybrid relaying system. Our simulation results are presented
in Section V, while Section VI concludes the paper. A list of all variables and functions used in
this paper is presented in Table I.
2. System Model
We consider the dual-hop hybrid RF/FSO relaying system of Fig. 1, where the source node (SN) S
communicates with the destination node (DN) D via the intermediate relay node (RN) R by adopting
an amplify-and-forward (AF) relaying scheme. Let s be the normalized signal transmitted from S
to R through an RF link. The signal received at R is expressed as:
rR = hs+ n1, (1)
where h represents the fading of the RF link, which is a complex Gaussian random variable [14],
[22], and n1 represents the additive white Gaussian noise (AWGN) with variance of σ21 and zero
mean.
The SIM scheme is employed at R, where a standard RF coherent/noncohenrent modulator and
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Fig. 1. The dual-hop hybrid RF/FSO relaying system, including the block diagrams of the relay node
and the destination node.
demodulator can be used for transmitting and recovering the source data [18], [23]. At R, after
filtering by a bandpass filter (BPF), a direct current (DC) bias is added to the filtered RF signal
to ensure that the optical signal is non-negative. Then the biased signal is amplified and sent to
a continuous wave laser driver. The output optical signal is written as [14]:
sR = G(1 + ηrR), (2)
where G is the relay amplification gain at R and η denotes the electrical-to-optical conversion
efficiency. Then the optical signal is forwarded from R to D through an FSO channel.
After removing the DC component at D, the received signal is given by:
rD = IGsR + n2 − IG = IGη(hs+ n1) + n2, (3)
where I is the irradiance intensity along the FSO link and n2 represents the AWGN with a variance
of σ22 and zero mean in the FSO link.
The instantaneous end-to-end SNR of the relay-aided system is given by [24], [25]:
γ =
I2G2η2h2
I2G2η2σ21 + σ
2
2
=
h2
σ2
1
η2I2
σ2
2
η2I2
σ2
2
+ 1
G2σ2
1
. (4)
Regarding the fixed-gain relay strategy at the RN, its relay gain is fixed to a constant value,
which is independent of the channel state information (CSI) of the first-hop channel. We fix the
relay amplification gain to G2 = 1
Cσ2
1
, where C is a constant parameter [25], [26]. The end-to-end
SNR of the relaying system is then rewritten as:
γ =
γ1γ2
γ2 + C
, (5)
where we define γ1 = h
2
σ2
1
and γ2 = η
2I2
σ2
2
representing the instantaneous SNR of the RF and FSO
links, respectively. Since the RN amplification gain G is fixed, the actual forwarded signal has a
varying output power, because the relaying signals have been affected by the first hop channel
fading before their fixed-gain amplification at the RN. Hence, the RN has to have a power amplifier
(PA) exhibiting a high dynamic range such as a linear class-A amplifier.
For the other scenario, where the CSI of the first hop is available, the channel-dependent relay
strategy adjusts the relay gain according to the CSI of the RF link, thus resulting in a fixed output
signal power at the RN. Accordingly, the relaying gain is given by G2 = 1
h2+σ2
1
[25]. By substituting
it into (4), the end-to-end SNR of the channel-dependent relaying scheme becomes:
γ =
γ1γ2
γ1 + γ2 + 1
. (6)
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2.1. RF link
In an urban environment, the RF transmission links spanning from S to R are subjected to multi-
path fading in non-line-of-sight (NLoS) links, which can be characterized by the classic Rayleigh
distribution. Accordingly, the instantaneous SNR of the RF link obeys an exponential distribution
with its probability density function (PDF) given by:
fγ1(γ1) =
1
Γ1
exp
(
− γ1
Γ1
)
, (7)
where Γ1 = P1σ2
1
is the average SNR of the RF link.
2.2. FSO link
The FSO link is used as the R to D back-haul. Generally, the AT caused by the random refractive
index variation of the atmosphere is considered as one of the most grave impairments of the FSO
link. In [20], a generalized statistical model, namely the M-distribution, has been shown to exhibit
an excellent fit to experimental propagation measurements, hence accurately characterizing the
AT. In the M-distribution, the observation field of the irradiance intensity experienced at the receiver
consists of three different components: the line-of-sight (LoS) component UL, the scattering term
UCS coupled to the LoS component and the classic scattering term UGS independent of the LoS
component. The average optical power of the LoS term is given by Ω = E[|UL|2], where E[.] is the
expectation operator. The average optical power of all the scattering related terms is denoted by
2b0 = E[|UCS |2+ |UGS |2]. The PDF of the normalized irradiance I of the M-distribution is expressed
as [20], [21]:
fI(I) = A
β∑
k=1
akI
α+k
2
−1Kα−k
(
2
√
αβI
ξβ +Ω′
)
, (8)
where we have 

A = 2α
α/2
ξ1+α/2Γ(α)
(
ξβ
ξβ+Ω′
)α
2
+β
,
ak =
(
β−1
k−1
)
(ξβ+Ω′)
1− k
2
(k−1)!
(
Ω′
ξ
)k−1 (
α
β
)k
2
,
(9)
with α being a positive parameter related to the effective number of large-scale cells of the
scattering process, β is a natural number representing the fading parameter, ξ = 2b0(1 − ρ)
represents the average power of the classic scattering component UGS , ρ is the ratio of the
power of the scattering component coupled with LoS to that of all scattering components, and
Ω′ = Ω + ρ2b0 + 2
√
ρ2b0Ωcos(ΦA − ΦB) denotes the average optical power of the coherent
contributions, including both the LoS component and the scattering component coupled with
it, where ΦA and ΦB are, respectively, the deterministic phase of the LoS component and the
scattering component coupled with it [20]. Finally, Kv(.) is the modified Bessel function of the
second kind with order v.
Note that a generalized expression of the M-distribution has been provided in [20, Eq. (22)].
Here, the expression in (8) is a particularization of the generalized expression, where β is confined
to an integer value. Based on [21], this particularization is capable of representing every turbulence
scenario of the generalized model, while enjoying the advantage of avoiding infinite summation.
Specifically, some other popular distribution models of the AT, such as the Gamma-Gamma
distribution and K distribution, can be treated as special cases of the M-distribution. Table. II
summarizes the special cases.
The PDF of the instantaneous electronic SNR associated with the FSO link is readily obtained
with the aid of (8) as follows [5]:
fγ2(γ2) =
A
2
β∑
k=1
ak
γ
α+k
4
−1
2
Γ
α+k
4
2
Kα−k
(
2
√
Λ
√
γ2
Γ2
)
, (10)
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TABLE II
SPECIAL CASES OF M-DISTRIBUTION
Distribution Conditions
Gamma-Gamma ρ = 1, Ω′ = 1
K ρ = 0, Ω = 0
where we have Λ = αβξβ+Ω′ and Γ2 = η2E[I]2/σ22 = η2/σ22 is the electronic average SNR in the
FSO link.
3. Performance of the Hybrid RF/FSO System with Fixed-Gain Relaying
Under the idealized simplifying assumption of having perfect channel estimates, the family of
modulation schemes relying on coherent detection tends to require a lower SNR than their non-
coherently detected counterparts, such as MPSK. However, the phase recovery error of coherent
detection degrades the attainable system performance, while differential detection of DPSK is
less susceptible to it. In practice, the uncertainty of the carrier synchronization and the carrier
recovery error will make non-coherent modulation, such as NCFSK, a better choice. Moreover,
the non-coherent detection also reduces the complexity of the receiver. Hence, non-coherent
schemes constitute an attractive design alternative in some FSO applications [19]. In this section,
the ASERs of MPSK, DPSK and NCFSK are investigated analytically in our fixed-gain hybrid
RF/FSO relaying system.
3.1. ASER Performance of MPSK
To analyze the ASER performance of MPSK in the fixed-gain relaying system, we commence by
deriving some useful statistical features of the end-to-end SNR.
3.1.1. Statistical Characteristics
The CDF of the end-to-end SNR γ for the fixed-gain relaying system has been derived in [22]:
Fγ(γ) = 1−
A exp(− γΓ1 )
8pi
β∑
k=1
ak
(
Cγ
Γ1Γ2
)α+k
4
G5,00,5
(
Λ2
Cγ
16Γ1Γ2
|−κ1
)
, (11)
where G (x) is Meijer’s G-function and κ1 = α−k4 , α−k+24 , k−α4 , k−α+24 , −α−k4 . For simplicity, by using[27, Eq. (07.34.17.0011.01)], the above CDF can be rewritten as
Fγ(γ) = 1−
A exp(− γΓ1 )
8pi
β∑
k=1
ak2
α+kΛ−
α+k
2 G5,00,5
(
Λ2
Cγ
16Γ1Γ2
|−κ2
)
, (12)
where κ2 = α2 ,
α+1
2 ,
k
2 ,
k+1
2 , 0.
To derive the ASER for different modulation schemes, it is beneficial to use the moment gen-
erating function (MGF) of the end-to-end SNR γ. By using (12), the MGF is derived as follows:
Mγ(s) = E[e
−γs]
(a)
= s
∫ ∞
0
e−sγFγ(γ)dγ
= s
∫ ∞
0
exp(−γs)dγ − sA
8pi
β∑
k=1
ak2
α+kΛ−
α+k
2
∫ ∞
0
exp(−sγ − γ
Γ1
)G5,00,5
(
Λ2Cγ
16Γ1Γ2
|−κ1
)
dγ
(b)
= 1− 2
αAΓ1s
8pi(1 + Γ1s)
β∑
k=1
ak2
kΛ−
α+k
2 G5,11,5
(
Λ2C
16Γ2(1 + Γ1s)
|0κ2
)
, (13)
where Equation (a) is obtained using integration by parts and (b) is calculated by using the integral
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[28, Eq. (7.813-1)].
3.1.2. ASER Analysis
The ASER of MPSK can be expressed in terms of the MGF, which is given by [29]:
PMPSKs =
1
pi
∫ Θ
0
Mγ
(
n2
sin2 θ
)
dθ, (14)
where Θ = (M−1)piM and n = sin(pi/M). By substituting (13) into (14), we arrive at the ASER of
MPSK in the form of the integral expression of:
PMPSKs =
1
pi
∫ Θ
0
1dθ − 2
αAΓ1n
2
8pi2
β∑
k=1
ak2
kΛ−
α+k
2
∫ Θ
0
1
Φ
G5,11,5
(
Λ2C sin2 θ
16Γ2Φ
|0κ2
)
dθ, (15)
where we have Φ = sin2 θ+Γ1n2. The integral above cannot be readily expressed in a closed-form
expression. Fortunately, from [30], an accurate ASER approximation can be derived for MPSK by
using the MGF:
Pˆs
MPSK
=
(
M − 1
2M
− 1
6
)
Mγ(s1) +
1
4
Mγ (s2) +
(
M − 1
2M
− 1
4
)
Mγ (s3) , (16)
where we have s1 = sin2(pi/M), s2 = 4 sin
2(pi/M)
3 =
4s1
3 , and s3 =
sin2(pi/M)
sin2(pi(M−1)/M) = 1. Substituting(13) into (16), the approximate ASER of MPSK can be readily calculated. As it will be shown in
Section V, the ASER approximation in (16) perfectly matches the exact ASER of MPSK cross the
entire SNR range.
Note that the M-distribution is a general model which is capable of characterizing most of the
popular distributions including the K-distribution and the G-G distribution. Therefore, the ASER
performance of MPSK under both the K and G-G distributions can be deduced by our derived
results. In particular, when we only encounter the classic scattering component in the FSO links,
i.e. we have ρ = 0 and Ω = 0 in (8) and (9), the M-distribution reduces to the K-distribution. In this
situation, AakΛ−
α+k
2 in (13) equals to zero, except for k = 1. After some further manipulations,
we arrive at Aa1Λ−
α+1
2 = 2Γ(α) . Therefore, the MGF in (13) reduces to
MKγ (s) = 1−
2αΓ1s
2piΓ(α)(1 + Γ1s)
G5,11,5
(
α2C
64b20Γ2(1 + Γ1s)
|0κK
)
, (17)
where κK = α2 ,
α+1
2 ,
1
2 , 1, 0. Now, both the exact and the approximate ASER of MPSK can be
obtained for the K-distributed FSO channel by substituting (17) into (14) and (16), respectively.
Considering another case when both the LoS component and the scattering component coupled
with the LoS affect the FSO link, the M-distribution retrieves to the G-G distribution with ρ = 1 and
Ω′ = 1. Under this scenario, Aak equals to zero, except for k = β. After some further manipulations,
we arrive at Aaβ = 2(αβ)(α+β)/2/[Γ(α)Γ(β)]. Therefore, the MGF in (13) reduces to
MGGγ (s) = 1−
2α+βΓ1s
4piΓ(α)Γ(β)(1 + Γ1s)
G5,11,5
(
Λ2C
16Γ2(1 + Γ1s)
|0κGG
)
, (18)
where we have κGG = α2 ,
α+1
2 ,
β
2 ,
β+1
2 , 0. Accordingly, both the exact and the approximate SER of
MPSK can be obtained for transmission over the G-G channel by substituting (18) into (14) and
(16), respectively.
3.1.3. Asymptotic Characterization
The above ASER expression of MPSK is derived in the form of Meijer’s G-function. Although
Meijer’s G-function can be expressed in terms of more popular hypergeometric functions, it ap-
pears hard to gain deeper insights. We circumvent the problem by investigating the asymptotic
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performance of MPSK at high SNRs. Generally, it is challenging to characterize the asymptotic
performance of MPSK by directly evaluating the ASER in (15) and (16). Instead, we resort to
characterizing the asymptotic approximation of the MGF at high SNRs, which is shown to be
effective for obtaining the asymptotic ASER.
By observing the MGF expression in (13), we find that at high SNR the Meijer’s G-function
can be expressed in form of its series representation [27, Eq. 07.34.06.0006.01] for Γ1,Γ2 →∞.
Considering the fact that α is larger than β in the M-distribution, the series expansion of Meijer’s
G-function is dominated by the smallest parameter in κ2, which yields:
lim
Γ1,Γ2→∞
G5,11,5
(
Λ2C
16Γ2(1 + Γ1s)
|0κ2
)
= Γ
(α
2
)
Γ
(
α+ 1
2
)
Γ
(
k
2
)
Γ
(
k + 1
2
)
(c)
= 22−α−kpiΓ(α)Γ(k), (19)
where Equation (c) is obtained by exploiting that Γ(2x) = 22x−1√
pi
Γ(x)Γ(x + 1/2). By substituting
(19) and (9) into (13), the asymptotic MGF becomes:
M˜γ(s) = lim
Γ1,Γ2→∞
Mγ(s)
= 1− Γ1s
1 + Γ1s
β∑
k=1
(
β−1
k−1
) (ξβ)β−kΩ′k−1
(ξβ +Ω′)β−1
(d)
= 1− Γ1s
1 + Γ1s
(e)
=
1
Γ1s
+O
(
Γ−21
)
, (20)
where Equation (d) follows from the binomial expression
∑β
k=1
(
β−1
k−1
)
(ξβ)β−kΩ′k−1 = (ξβ+Ω′)β−1,
and Equation (e) is obtained by retaining only the most dominant term for a high SNR Γ1.
Now, we find from (20) that the end-to-end MGF does not depend on the turbulence condition
of the FSO link at high SNRs. By substituting (20) into (14), we arrive at the asymptotic ASER of
MPSK:
P˜MPSKs =
1
Γ1pi
∫ Θ
0
sin2 θ
n2
dθ =
Ξ
Γ1
, (21)
where Ξ = 2Θ−sin 2Θ4n2pi is a constant, which is dependent on the modulation order M .
Remark 1: It can be observed from the above expression that the asymptotic ASER of MPSK
is no longer dependent on the FSO turbulence, but it is dominated by the average SNR of the RF
link. At high SNRs, the diversity order is an important measure of the SER performance, which
is defined as the slope of the log-log SER versus average SNR value [31], [32]. We arrive at the
diversity order of the MPSK in the hybrid relaying system:
GMPSKd = −
∂ log(P˜MPSKs )
∂ log(Γ1)
= 1. (22)
3.2. ASER Performance of DPSK/NCFSK
3.2.1. ASER Analysis
We now analyze the ASER performance of DPSK/NCFSK in the fixed-gain relaying system. For
subcarrier DPSK/NCFSK, the conditional SER can be evaluated as [29]
Ps(e|γ) = 1
2
exp
(
− γ
m
)
, (23)
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where m = 1 for DPSK and m = 2 for NCFSK. Accordingly, the ASER of DPSK/NCFSK is
calculated as
Pms =
∫ ∞
0
Ps(e|γ)fγ(γ)dγ (f)= 1
2m
∫ ∞
0
exp
(
− γ
m
)
Fγ(γ)dγ
=
1
2m
∫ ∞
0
exp
(
− γ
m
)
dγ − 2
αA
16mpi
β∑
k=1
ak2
kΛ−
α+k
2
∫ ∞
0
exp(− γ
m
− γ
Γ1
)G5,00,5
(
Λ2Cγ
16Γ1Γ2
|−κ
)
dγ
(g)
=
1
2
− 2
αAΓ1
16pi(m+ Γ1)
β∑
k=1
ak2
kΛ−
α+k
2 G5,11,5
(
mΛ2C
16Γ2(m+ Γ1)
|0κ2
)
, (24)
where Equations (f) and (g) are obtained upon using integration by parts and by exploiting the
integral [28, Eq. (7.813-1)], respectively.
As a special case, for the K-distribution, the ASER of DPSK/NCFSK is given by setting ρ = 0
and Ω = 0 in (24), yielding:
Pm,Ks =
1
2
− 2
αΓ1
4piΓ(α)(m+ Γ1)
G6,11,5
(
mα2C
64b20Γ2(m+ Γ1)
|0κK
)
. (25)
By contrast, for the G-G distribution, we set ρ = 1 and Ω′ = 1 in (24), yielding:
Pm,GGs =
1
2
− 2
α+βΓ1
8piΓ(α)Γ(β)(m + Γ1)
G6,11,5
(
mΛ2C
16Γ2(m+ Γ1)
|0κGG
)
. (26)
3.2.2. Asymptotic Characterization
Let us now characterize the asymptotic behavior of DPSK/NCFSK at high SNR. By using the
expression in (19) and carrying out analogous manipulations to those in (20), the asymptotic
ASER of DPSK/NCFSK at high SNRs is obtained as follows:
P˜ms = lim
Γ1,Γ2→∞
Pms =
1
2
− AΓ1
4(m+ Γ1)
β∑
k=1
akΛ
−α+k
2 Γ(α)Γ(k)
=
1
2
− Γ1
2(m+ Γ1)
=
m
2Γ1
+O
(
Γ−21
)
. (27)
Remark 2: From (27), we find that the asymptotic ASER trends of DPSK/NCFSK are similar
to those of MPSK. By using the same method, we obtain the diversity order of DPSK/NCFSK
as GDPSK/NCFSKd = 1, which is identical to that of MPSK. Now, we can readily compare the
performance of different modulation schemes. We define the SNR discrepancy as the difference
of the energy per bit to noise ratio between two modulation schemes at a specific ASER. From
(21) and (27), the SNR difference between MPSK and DPSK/NCFSK is calculated as follows:
SNR∆ = 10 log10
(
Ξ
P˜MPSKs
)
− 10 log10
(
m
2P˜ms
)
= 10 log10
(m
2Ξ
)
dB. (28)
For example, we calculate the SNR∆ of BPSK with respect to DPSK by setting M = 2 and m = 1
in (28). The SNR gain of BPSK over DPSK becomes
SNRBPSK−DPSK∆ = 10 log10
(
24
13
)
= 2.66 dB. (29)
It is observed from the above equation that, as expected, BPSK achieves a better SER per-
formance than DPSK, because the phase error in DPSK induces an error in two consecutive
transmission intervals. Similarly, the SNR∆ between different PSK schemes can be evaluated
by using (28). For instance, we can readily express the SNR reduction of BPSK over QPSK as
SNRBPSK−QPSK∆ = 10 log10
(
44
13
)
= 5.3 dB at a specific ASER, albeit naturally, QPSK achieves a
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factor of two higher bandwidth efficiency in the fixed-gain relaying system.
4. Performance of the Hybrid RF/FSO System with Channel-Dependent
Relaying
In some applications, the relaying system has a strict by limited transmit power for forwarding
signals. This implies that the maximum energy of the signal forwarded by the RN should be limited.
In such applications, the RN dynamically adjusts the relay gain according to the instantaneous
channel fading of the RF link. In this section, the ASERs of various modulation schemes are
investigated analytically for the channel-dependent hybrid relaying system.
4.1. ASER Performance of MPSK
To analyze the ASER performance of MPSK in the channel-dependent relaying system context,
we firstly derive some useful statistical features of the end-to-end SNR. Since the closed-form
analytical expressions of the SNR statistics are intractable, we resort to the derivation of tight
upper bounds of the SNR statistics.
4.1.1. Statistical Characteristics
The end-to-end SNR γ in the hybrid channel-dependent relaying system may be closely approx-
imated as [15], [24]:
γ =
γ1γ2
γ1 + γ2 + 1
∼
= min{γ1, γ2}. (30)
Accordingly, the CDF of the end-to-end SNR γ in the channel-dependent relaying system can be
expressed as:
Fγ(γ) = Pr[min{γ1, γ2} ≤ γ]
= 1− Pr(γ1 > γ)Pr(γ2 > γ)
= Fγ1(γ) + Fγ2(γ)− Fγ1(γ)Fγ2(γ), (31)
where Fγ1(γ) and Fγ2(γ) denote the CDFs of the RF link and of the FSO link, respectively. For
the RF link, the CDF of the SNR γ1 can be readily calculated from (7) as follows:
Fγ1(γ) =
1
Γ1
∫ γ
0
exp
(
− γ1
Γ1
)
dγ1 = 1− exp
(
− γ
Γ1
)
. (32)
Meanwhile, by using (10), the CDF of the SNR γ2 for the FSO link is calculated as follows:
Fγ2(γ) =
A
2
β∑
k=1
akΓ
−α+k
4
2
∫ γ
0
γ
α+k
4
−1
2 Kα−k
(
2
√
Λ
√
γ2
Γ2
)
dγ2
(h)
=
2αA
8pi
β∑
k=1
ak2
kΛ−
α+k
2 G4,11,5
(
Λ2γ
16Γ2
|1κ2
)
, (33)
where Equation (h) is calculated using [27, Eq. 07.34.21.0084.01, Eq. 07.34.17.0011.01]. Upon
substituting (32) and (33) into (31), the CDF of the end-to-end SNR γ for the channel-dependent
relaying system is arrived at:
Fγ(γ) = 1− exp
(
− γ
Γ1
)
+
2αA
8pi
exp
(
− γ
Γ1
) β∑
k=1
ak2
kΛ−
α+k
2 G4,11,5
(
Λ2γ
16Γ2
|1κ2
)
. (34)
From (34), the MGF of the end-to-end SNR γ of the channel-dependent relaying system can
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be derived as:
Mγ(s) = s
∫ ∞
0
e−sγFγ(γ)dγ
= s
∫ ∞
0
exp(−γs)dγ − s
∫ ∞
0
exp(−γs− γ
Γ1
)dγ
+
2αAs
8pi
β∑
k=1
ak2
kΛ−
α+k
2
∫ ∞
0
exp(−sγ − γ
Γ1
)G4,11,5
(
Λ2γ
16Γ2
|1κ2
)
dγ
(i)
= 1− Γ1s
1 + Γ1s
+
2αAΓ1s
8pi(1 + Γ1s)
β∑
k=1
ak2
kΛ−
α+k
2 G4,22,5
(
Λ2Γ1
16Γ2(1 + Γ1s)
|0,1κ2
)
(j)
= 1− Γ1s
1 + Γ1s
+
2αAΓ1s
8pi(1 + Γ1s)
β∑
k=1
ak2
kΛ−
α+k
2 G4,11,4
(
Λ2Γ1
16Γ2(1 + Γ1s)
|1κ3
)
, (35)
where we have κ3 = α2 ,
α+1
2 ,
k
2 ,
k+1
2 , and Equations (i) as well as (j) are obtained using [27, Eq.
07.34.21.0088.01] and [28, Eq. 9.31-1], respectively.
4.1.2. ASER Analysis
In the hybrid channel-dependent relaying system, the ASER of MPSK can be evaluated by
substituting (35) into (14), which yields:
PMPSKs =
1
pi
∫ Θ
0
1dθ − Γ1n
2
pi
∫ Θ
0
1
Φ
dθ +
2αAΓ1n
2
8pi2
β∑
k=1
ak2
kΛ−
α+k
2
∫ Θ
0
1
Φ
G4,11,4
(
Λ2Γ1 sin
2 θ
16Γ2Φ
|1κ3
)
dθ.
(36)
The integral above cannot be readily expressed in a closed form. Using a technique analogous
to that of the previous section, we can instead calculate the approximate ASER expression of
MPSK by substituting (35) into (16) for the hybrid channel-dependent relaying system.
As stated above, both the K and G-G distributions can be deduced from the generalized M-
distribution. To derive the ASER of MPSK for those channels, we obtain the MGF of the end-to-end
SNR γ over the K and G-G-distributed FSO channels from (35) as follows:
MKγ (s) = 1−
Γ1s
1 + Γ1s
+
2αΓ1s
2piΓ(α)(1 + Γ1s)
G4,11,4
(
Λ2Γ1
16Γ2(1 + Γ1s)
|1κ3K
)
, (37)
MGGγ (s) = 1−
Γ1s
1 + Γ1s
+
2α+βΓ1s
4piΓ(α)Γ(β)(1 + Γ1s)
G4,11,4
(
Λ2Γ1
16Γ2(1 + Γ1s)
|1κ3GG
)
, (38)
where we have κ3K = α2 ,
α+1
2 ,
1
2 , 1 and κ3GG =
α
2 ,
α+1
2 ,
β
2 ,
β+1
2 . Accordingly, both the exact and the
approximate ASER of MPSK can be derived for transmission over the K and G-G channels in the
channel-dependent relaying system by substituting (37) and (38) into (14) and (16), respectively.
4.1.3. Asymptotic Characterization
Similar to the fixed-gain relaying system, we may resort to characterizing the asymptotic approx-
imation of the MGF at high SNRs, which proves beneficial for obtaining the asymptotic ASER
for further insightful observations. By using the series representation of Meijer’s G-function for
Γ1,Γ2 → ∞ and considering the fact that α is larger than β in the M-distribution, the series
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expansion of Meijer’s G-function is dominated by the smallest parameter in κ3, which yields:
lim
Γ1,Γ2→∞
G4,11,4
(
Λ2Γ1
16Γ2(1 + Γ1s)
|1κ3
)
=
√
piΓ
(
α− k
2
)
Γ
(
α− k + 1
2
)
Γ
(
k
2
)(
Λ2Γ1
16Γ2(1 + Γ1s)
) k
2
= 21−α+kpiΓ(α− k)Γ
(
k
2
)(
Λ2Γ1
16Γ2(1 + Γ1s)
) k
2
, (39)
where the last equation is obtained by exploiting Γ(2x) = 22x−1√
pi
Γ(x)Γ(x + 1/2). By substituting
(39) into (35), the asymptotic MGF becomes:
M˜γ(s) = lim
Γ1,Γ2→∞
Mγ(s) =
1
1 + Γ1s
+
AΓ1s
4(1 + Γ1s)
β∑
k=1
akΛ
k−α
2 Γ(α− k)Γ
(
k
2
)(
Γ1
Γ2(1 + Γ1s)
) k
2
=
β∑
k=1
Bk (Γ2s)
− k
2 , (40)
where we have Bk = A4 akΛ
k−α
2 Γ(k2 )Γ(α− k).
Now, by substituting (40) into (16), we obtain the asymptotic ASER of MPSK in the channel-
dependent relaying system context as:
P˜s
MPSK
=
(
M − 1
2M
− 1
6
) β∑
k=1
Bk (Γ2s1)
− k
2 +
1
4
β∑
k=1
Bk (Γ2s2)
− k
2 +
(
M − 1
2M
− 1
4
) β∑
k=1
Bk (Γ2s3)
− k
2
= B1DMΓ
− 1
2
2 , (41)
where DM = 8M+3
√
3M+(6M−12)√s1−12
24M
√
s1
is a constant dependent on the modulation order, while
the short-form equation in the 2nd line is obtained by retaining the most dominant term for high
SNRs.
Remark 3: It is observed from (41) that the ASER of MPSK depends both on the average
SNR and on the AT conditions of the FSO link, while the diversity order of MPSK in the channel-
dependent relaying system equals to:
GMPSKd = −
∂ log(P˜MPSKs )
∂ log(Γ2)
=
1
2
. (42)
However, the diversity order in (42) does not hold under the G-G distribution (ρ = 1), since the
asymptotic expression of the Meijer’s-G function in (39) does not converge for β > 1 at high SNRs.
4.2. ASER of DPSK/NCFSK
4.2.1. ASER Analysis
Using (23), the ASER of DPSK/NCFSK in the channel-dependent relaying system can be derived
as
Pms =
1
2m
∫ ∞
0
exp
(
− γ
m
)
Fγ(γ)dγ
=
1
2
− Γ1
2(m+ Γ1)
+
2αAΓ1
16pi(m+ Γ1)
β∑
k=1
ak2
kΛ−
α+k
2 G4,11,4
(
Λ2Γ1m
16Γ2(m+ Γ1)
|1κ3
)
, (43)
where the last equation is calculated using [27, Eq. 07.34.21.0088.01] and [28, Eq. 9.31-1].
Specifically, for the K and G-G distributed FSO channels, the ASER of DPSK/NCFSK in the
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hybrid channel-dependent relaying system is readily calculated as
Pm,Ks =
1
2
− Γ1
2(m+ Γ1)
+
2αΓ1
4piΓ(α)(m+ Γ1)
G4,11,4
(
Λ2Γ1m
16Γ2(m+ Γ1)
|1κ3K
)
, (44)
and as
Pm,GGs =
1
2
− Γ1
2(m+ Γ1)
+
2α+βΓ1
8piΓ(α)Γ(β)(m + Γ1)
G4,11,4
(
Λ2Γ1m
16Γ2(m+ Γ1)
|1κ3GG
)
, (45)
respectively.
4.2.2. Asymptotic Characterization
We analyze the asymptotic ASER of DPSK/NCFSK in the channel-dependent relaying system. By
using the analogous expression in (39), and following some further manipulations, the asymptotic
ASER of DPSK/NCFSK at high SNRs can be expressed as
P˜s
m
= lim
Γ1,Γ2→∞
Pms =
1
2(m+ Γ1)
+
AΓ1
8(m+ Γ1)
β∑
k=1
akΛ
k−α
2 Γ(α− k)Γ
(
k
2
)(
mΓ1
Γ2(m+ Γ1)
) k
2
=
1
2
β∑
k=1
Bk
(
m
Γ2
) k
2
=
B1
√
m
2
Γ
− 1
2
2 , (46)
where again, the last short-form equation is obtained by retaining the most dominant term at a
high SNR. It can be seen from the above expression that the diversity order of DPSK/NCFSK
is identical to that of MPSK in the channel-dependent relaying system, and that the ASER of
DPSK/NCFSK depends both on the average SNR and on the channel conditions of the FSO link.
Remark 4: We can compare the ASER performance of different modulation schemes in the
context of the channel-dependent relaying system. Similar to (28), we can readily calculate the
SNR difference between MPSK and DPSK/NCFSK as follows:
SNR∆ = 10 log10
(
B1DM
P˜s
MPSK
)2
− 10 log10
(
B1
√
m
2P˜s
m
)2
= 10 log10
(
4D2M
m
)
dB. (47)
For instance, we obtain the SNR∆ of BPSK with respect to DPSK by setting M = 2 and m = 1
in (47), yielding SNRBPSK−DPSK∆ = 4.4 dB.
Remark 5: It is interesting to observe from (22) and (42) that all the modulation schemes in
the fixed-gain relaying system achieve the same diversity order of 1, while the diversity order in
the channel-dependent relaying system is only 12 . This is because the RN can amplify the signal
received from the first link with a high relay gain regardless of the channel condition of the first link,
thus it is capable of achieving a higher diversity order at the cost of requiring a high-dynamic linear
class-A PA. By contrast, in the channel-dependent relaying strategy, the relay gain is dynamically
adjusted according to the CSI of the first link in order to maintain a constant output power at
the RN. For instance, if the channel gain of the first link happens to be high, the relay gain at
the RN will be much smaller for the channel-dependent strategy in order to guarantee a constant
RN output power, which imposes a lower diversity order compared to that of the fixed-gain relay
strategy.
5. Simulation Results
In this section, we detail our simulation results for the dual-hop hybrid RF/FSO relaying system
relying on both the fixed-gain and the channel-dependent schemes. The transmitted optical power
is normalized to unity, i.e. we have Ω+2b0 = 1. For fixed-gain relaying scheme, the relaying gain
is set such as C = 0.5. For simplicity and without loss of generality, we opt for an identical average
SNR per hop, i.e. for Γ1 = Γ2.
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Fig. 2. ASER versus average SNR of different modulation schemes for the fixed-gain relaying system.
The ASER versus average SNR of different modulation schemes for the fixed-gain relaying
system is presented in Fig. 2, where we have α = 10, β = 5, ρ = 0.5, and b0 = 0.25. The
simulation results (referred to as ‘Sim’) recorded for both MPSK and DPSK/NCFSK were obtained
by Monte Carlo simulations, the exact ASER (‘Exact’) and the approximate ASER (‘Approx’) of
MPSK were calculated from (15) and (16), respectively. Finally, the exact ASER of DPSK/NCFSK
was calculated from (24). From this figure, we find that the exact ASER perfectly matches the
simulation results for both MPSK and DPSK, which confirms the accuracy of our analytical
results. Furthermore, the approximate ASER exhibits an excellent agreement with the exact
results for different PSK schemes, which confirms the accuracy of our approximate expressions.
Moreover, high-order PSK achieves an increased throughput at the expense of a degraded ASER
performance compared to low-order PSK. On the other hand, the performance of DPSK is inferior
to BPSK, but is superior to NCFSK. It is observed from this figure that the SNR penalty of DPSK
compared to BPSK is about 3 dB, again, because the phase error in DPSK induces the bit error
in two consecutive transmission intervals, which donates the expected SER of DPSK compared
to BPSK at a specific SNR. To the contrary, the SNR gain of DPSK compared to NCFSK is about
3 dB, because the coherent detection can achieve a SNR gain of 3 dB compared to the non-
coherent detection at a specific SNR. However, the coherent detection needs channel estimation
at the detector, which might be more complexity than the non-coherent detection.
The ASER versus average SNR is presented in Fig. 3 for different values of α and β in the
fixed-gain relaying system, where we have ρ = 0.5, b0 = 0.25. To avoiding obfuscating legends, the
Monte Carlo verification points are not shown in some of the following figures. The ASERs of two
PSK schemes were calculated by substituting (13) into (16). As we can see from Fig. 3, the ASER
performance improves upon increasing the AT parameters α, β. This is because the turbulence
becomes less severe upon increasing α, β, hence the SER performance of both modulation
schemes becomes better.
The ASER versus average SNR performances of 8PSK and DPSK is shown in Fig. 4 for different
ρ values in the fixed-gain relaying system, where we have α = 10, β = 5, and b0 = 0.25. The
ASER of 8PSK under generalized M as well as K and G-G distributed channels was calculated
by substituting (13), (17) and (18) into (16), respectively. The ASER of DPSK under generalized
M as well as K and G-G channels was calculated from (24), (25) and (26), respectively. It is
observed that the ASER is reduced for both modulation schemes upon decreasing ρ, because
the average power of the classic scattering component equals ξ = 2b0(1 − ρ) and it becomes
higher as ρ is reduced. Increasing the classic scattering component power will make the intensity
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Fig. 3. SER versus average SNR for different values of α, β in the fixed-gain relaying system.
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Fig. 4. ASER versus average SNR for various ρ values in the fixed-gain relaying system.
fluctuations of the optical signal more severe along the transmission path. Specifically, when we
have ρ = 1 and Ω′ = 1, the generalized M-distribution reduces to the G-G distribution. In this
situation, there is no classic scattering component, because only the LoS component and the
coupled scattering component exists. By contrast, the classic scattering component reaches its
maximal value at ρ = 0 and it degrades the ASER performance. In this case, the generalized
M-distribution reduces to the K-distribution.
Let us now study the asymptotic ASER (‘Asymp’) of different modulation schemes for the fixed-
gain relaying system in Fig. 5, where we have α = 10, β = 5, ρ = 0.75, and b0 = 0.25. The
asymptotic ASERs of MPSK and DPSK were calculated from (21) and (27), respectively, while the
exact ASERs of MPSK and DPSK were calculated from (15) and (24), respectively. It is observed
in Fig. 5 that the asymptotic ASERs are consistent with the exact ASERs for both MPSK and
DPSK at high SNRs. As seen in Fig. 5, there is only a modest gap between the asymptotic and
the exact ASER of the different modulation schemes. The asymptotic expressions of (21) and (27)
are much simpler, which also reveals that both MPSK and DPSK/NCFSK have the same diversity
order. Furthermore, it is intuitive that the high order modulation schemes require a higher SNR
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Fig. 5. Asymptotic ASER versus average SNR of different modulation schemes for the fixed-gain relaying system.
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Fig. 6. ASER versus average SNR of different modulation schemes for the channel-dependent relaying system.
in order to maintain a specific ASER. For instance, the SNR losses of 8PSK compared to QPSK
and BPSK are 5.7 dB and 11 dB, respectively. which is the price of increasing the throughput
from 1 to 3 bits/symbol.
We illustrate the ASER performance of different modulation schemes for the channel-dependent
relaying system in Fig. 6, where we have α = 10, β = 5, ρ = 0.5, and b0 = 0.25. The simulation
results recorded for both MPSK and DPSK/NCFSK were obtained by Monte Carlo simulations,
while the lower bound ASERs (‘Lower bound’) of MPSK and DPSK/NCFSK were calculated from
(36) and (43), respectively. The approximate ASER of MPSK was obtained by substituting (35)
into (16). Finally, the asymptotic ASERs of MPSK and DPSK/NCFSK were calculated from (41)
and (46), respectively. It is observed from this figure that there is a modest gap between the lower
bounded ASER and the simulation results for all modulation schemes at lower SNRs, whereas the
lower bound ASER moves close to the simulation results, as the SNR increases. The approximate
ASER exhibits an excellent agreement with the exact results for the different PSK schemes, which
confirms the accuracy of our approximate expressions. Furthermore, the asymptotic results of all
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Fig. 7. ASER versus average SNR for different ρ values.
modulation schemes approach the exact results upon increasing the SNR.
The ASER performance of 8PSK and DPSK is portrayed in Fig. 7 for different ρ values, where
we have α = 4.2, β = 2, and b0 = 0.25. For comparison, we also draw the ASER performance
of DPSK and 8PSK in the fixed-gain relaying system at ρ = 1 by using (26) and by substituting
(18) into (16), respectively. For the channel-dependent relaying system, the ASER of 8PSK under
generalized M- as well as K- and G-G distributed channels was calculated by substituting (35),
(37) and (38) into (16), respectively. The ASER of DPSK under generalized M as well as K and
G-G channels in the channel-dependent relaying system was calculated from (43), (44) and (45),
respectively.
We can find from Fig. 7 that the ASER improves for both modulation schemes upon increasing ρ.
This is because the average power of the classic scattering component decreases as ρ increases.
For example, both modulation schemes achieve the best ASER performance under the G-G
distribution, i.e. ρ = 1. This is due to the fact that no classic scattering component exists in the G-
G channel. In this situation, both modulation schemes of the channel-dependent relaying system
achieve the same diversity order as that in the fixed-gain relaying system, as shown in Fig. 7. By
contrast, the diversity orders under other situations, such as ρ = 0, 0.5, and 0.9, are identical to 1/2
as shown in (42) and (46). Furthermore, it is observed from Fig. 7 that the ASER performance of
the fixed-gain relaying system is superior to that of the channel-dependent relaying system under
the G-G distribution. This can be explained as follows: In the channel-dependent relaying system,
the relay gain is dynamically adjusted according to the CSI of the first link in order to maintain
a constant output power at the relay node (RN). By contrast, in the fixed-gain relaying system,
the RN amplifies the signal received from the first link with a high relay gain regardless of the
channel condition of the first link. Therefore, the fixed-gain relaying system always outperforms the
channel-dependent relaying system at the cost of requiring a high-dynamic linear class-A power
amplifier.
6. Conclusions
This paper investigated the ASER performance of different modulation schemes in a dual-hop hy-
brid RF/FSO relaying system operated under both a fixed-gain and a channel-dependent scheme.
The RF and the FSO links were subjected to Rayleigh- and M-distributed impairments, respec-
tively, and we then derived the MGF of the end-to-end instantaneous SNR. Accordingly, both
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the ASER expressions of MPSK and DPSK/NCFSK were obtained. Furthermore, the ASER
experienced in the presence of both K and G-G distributions were also evaluated as special
cases of our results. Finally, the asymptotic ASER of both MPSK and DPSK/NCFSK were also
derived at high SNRs, which demonstrated some insightful observations for both hybrid relaying
systems. Our simulation results confirm the accuracy of our analytical results.
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